A new sequence of nonlinear evolution systems satisfying the zero curvature property is constructed, by using the invariant singularity analysis. All these systems are completely integrable and a pseudo-potential (linearization) is explicitly determined for each of them. The second system of the sequence is the Broer-Kaup system, which, as is well known, corresponds to the higher order Boussinesq approximation in describing shallow water waves.
Introduction
Recently many efforts were given to construct hierarchies of nonlinear evolution completely integrable equations.
Usually, starting from a well known given nonlinear evolution equation owing the complete integrability property, one looks for a sequence of equations to which the given one belongs and all the other being obtained in a recursive way. More precisely each new flow comes out from the previous one in a well defined manner, giving rise to a new nonlinear evolution completely integrable equation.
The first seminal work by Lax 1 concerns the KdV hierarchy algebraically obtained by requiring the operator defining the Lax pair to be consistent at any order. Consistent here means that the operator evolution equation
reduces to an evolution equation for the unknown field u n free from the spectral parameter at any order n. In the above equation L(t) denotes a family of * Supported by MURST under grant Nonlinear Mathematical Problems of Wave Propagation and Stability in Models of Continuous Media unitarily equivalent operators depending differentially on t, B n the n-th order skew-symmetric differential operator, the first one being ∂ x .
After Lax, many tools were developed to construct the hierarchy to which a nonlinear evolution completely integrable equation belongs. Among them we recall the trace-less operator method strictly connected with the role that the SU (n) group plays for the existence of any kind of hierarchy, the recursion pseudo-operator method and so on.
As far as we know, there are very few examples of hierarchies, explicitly worked out, concerning nonlinear systems.
In this paper we consider two nonlinearly coupled evolving scalar fields and we construct a hierarchy of nonlinear evolution systems, which rules the behaviour of the considered fields at any order, by using the invariant singularity analysis, as given by Conte, Musette and Pickering 2 . The expansion function is chosen so that its dependence on x and t is ruled by two Riccati equations. We construct a sequence of pair of spectral matrices A n , M n connecting them to the coefficients of the above Riccati equations and to the unknown evolving fields. We prove that
turns out to be free of the spectral parameter at any order n, giving rise to the sequence of nonlinear integrable systems.
The method we follow uses the procedure given by Pickering 3 to show the integrability of the Broer-Kaup system. This approach, as we will show, can be used also to construct the hierarchy and, in our case, the Broer-Kaup system turns out to be the second system of the hierarchy.
Invariant singularity analysis and Riccati system
Invariant singularity analysis is a variant of the classical Painlevé analysis, easily achieved by choosing the expansion variable in a suitable way. Usually in the Painlevé analysis 4 the expansion variable is the function ϕ giving the singularity manifold via the equation ϕ = 0.
As matter of fact, we can choose any function χ satisfying lim ϕ→0 χ = 0, provided that the type of singularities will not change.
Supposing, without loss of generality, ϕ x = 0, let us choose
gae2: submitted to World Scientific on October 3, 2001 and, in this way, the coefficients of the resulting expression u = ∞ j=0 u j χ j+p (here p is a negative integer) 5 are invariant under the six-parameters homographic group:
A straightforward calculation leads to the Riccati system:
1)
where
The compatibility condition on the Riccati system gives us the singularity manifold equation:
Now, no matter what is ϕ, apart the assumed regularity (analiticity), S and C are classical homographic invariants. Then the Riccati system turns out to be invariant, too.
This choice of the expansion variable provides advantages: the expression for the determining equations are greatly simplified and it is possible to obtain exact solutions from a higher order (at a positive power) truncation for the expansion in the new variable χ 6 .
Zero-curvature method
It is a generalization of the Lax representation. Consider the two linear equations for the field v 7 :
where λ is the spectral parameter and D denotes any spatial differentiation. Compatibility condition gives:
If M is a trace-less matrix, free of the spectral parameter, by putting its elements equal to zero one obtains the evolution equations for v, that result completely integrable, i.e. exactly linearizable. We mean that, by inverting the procedure, it transforms in the above linear system. Given a nonlinear evolution equation (or system), to find the matrices that realize the zero-curvature condition one has to linearize the Riccati system (2.1)
3 . If we want to utilize the invariant Painlevé analysis and to truncate the expansion at positive integers it is useful to introduce a new expansion variable Z, related to the older one via the gauge
A, satisfying the generalized Riccati system :
and linearize it via the gauge Z −1 = ψ1 ψ2 :
The compatibility condition for (3.2) enjoys the zero-curvature property, so they constitute a pseudo-potential for the given evolution equation 3 . Summarize the method: consider a nonlinear evolution system and apply the invariant singularity analysis, choosing the coefficients in such a way that the truncation of Laurent series at appropriate positive terms leads to a Darboux transformation or, better, to an auto-Backlünd transformation. If this happens, the same coefficients permit us to construct matrices depending on a parameter (spectral parameter) which:
gae2: submitted to World Scientific on October 3, 2001
• give the linear spectral problem
• satisfy the zero-curvature condition.
Complete integrability is achieved.
Application of the method to verify complete integrability
Let us consider the system
In our knowledge it does not appear in literature until now. We shall show that it belongs to a sequence of systems all enjoying complete integrability property. Let us start with the invariant Painlevé analysis where the expansion variable Z satisfies the Riccati system (3.1).
Suppose the solution admits the expansions u = +∞ j=0 u j Z j+p and v = +∞ j=0 v j Z j+q . First of all verify that p and q can be determined in such a way the leading order terms "balance".
We find the values p = 0 and q = −1, therefore the above proposed expansions take the form u = u 0 log Z + U and v = 3 j=0 v j Z j−1 . At this point it is possible to go ahead by hands, but it is better to use a symbolic package as REDUCE or MACSYMA. We find:
Linearize the Riccati system via the gauge Z −1 = ψ1 ψ2 obtaining:
Substitute the above values of A, B, C, D and write compatibility condition and find just the starting system (4.1).
From a system to a hierarchy
Make the substitution u → u nx in the expression of the coefficient B in (4.2) and write exactly the same above linear spectral system:
Write again compatibility condition and find:
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Substitute the value of u xt from M 11 = 0 in M 21 = 0 and obtain the n−th system of the sequence:
These systems are completely integrable for all n because they all enjoy the zero-curvature condition.
Besides, for n = 1 we obtain the system of the previous paragraph; for n = 2 the Broer-Kaup system:
3)
which is equivalent to the classical higher order Boussinesq equation:
Remember that the Boussinesq higher order equation represents how an inviscid, incompressible, irrotational fluid evolves in a narrow infinite (long enough) channel with horizontal bottom, of mean density ρ, free surface τ .
Under the above conditions, in the framework of the nonlinear shallow water theory for the one-dimensional waves of
• small enough amplitude
• large enough wavelength two parameters must be considered fundamental:
Then starting from the basic equations for the water waves, introducing the velocity potential U , expanding the equation and retaining the terms up to the order δ 4 and ǫδ 2 , one obtains the higher order Boussinesq equation (5.4) , 8 . Without loss of generality we choose, as usually done, the coefficients b 2 = b 3 = 0, a 2 = 1 and b 0 = 1. The appropriate gauge
leads, via some straightforward algebra, to the Broer Kaup system (5.3)
6 From the zero-curvature to the higher order Lax pair
Make in the n−th system of the sequence the substitution u → u x :
(potential form) where the flows of u and v at the n−th order explicitly appear.
To determine the Lax pair we have to find two differential operators L n and B n , adjoint and skew-adjoint respectively, such that L nt = [B n , L n ] if the n−th system of the hierarchy is identically verified and vice versa.
Consider the n−th linearized Riccati system (5.1). The operator L n has to satisfy the eigenvalue equation L n ψ = λψ. If we start from the (5.1), we obtain: 
To find B n differentiate the relation L n ψ = λψ with respect to t and utilize the (5.1):
We can note that the operator B n of the Lax pair is the same matrix M n which realize the zero-curvature condition.
Now we have to free it of the spectral parameter by substituting the values of λψ 1 and λψ 2 given in (6.2). We obtain:
It remains to be verified the adjointness and skew-adjointness properties for L n and B n respectively. What we are able to prove with a straightforward calculation is not exactly the requested properties, but some very closed occurrence, that is L n = L * n 0 1 1 0 and B n = B * n 0 1 1 0 .
Reduction to a single equation of the generic system
Consider the n-th system (non potential)(5.1) and calculate v from the first equation:
in which F (t) is an arbitrary integration function. Substitute this value in the second equation of the system:
and obtain an expression free of n. In particular by putting equal to zero the integration function, we obtain:
that is the classical Boussinesq equation. Therefore the explicit solution of the system (5.1) is (u, v n ), where u is the solution of the Boussinesq equation and v n the corrispondent value of v from the (7.1).
Unsolved question and work in progress
In this work we constructed a sequence of nonlinear evolution completely integrable systems. The "recursion operator" we proposed requires to be studied in deeper to obtain the possibility of generating the flow at any order from the previous one.
Moreover the Lax pair is "anomalous", L and B are not adjoint and skew-adjoint unless one carries out some variations. This, probably would be achieved by using an appropriate norm in the involved Banach space, giving rise to a suitable scalar product.
These aspects are object of current research. At the state of survey it seems that any system of the sequence could be origin of a proper hierarchy. This aspect will be investigated, too.
